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Product shortages, which cause backlogging and/or lost sales costs commonly occur in the chemical industries, espe-
cially in the commodity polymer business. Shortage costs in a supply chain optimization model are studied under the
framework of a generalized batch-storage network. A classical economic order quantity model with backlogging costs
suggested an optimal time delay and final product delivery lot size. A product shortage can be mitigated by advancing
production/transportation or by purchasing a substitute product from a third party as well as by a product delivery
delay in the supply chain network. Optimal solutions that consider all means for recovering shortage are more compli-
cated than the classical case. Four solutions are identified depending on the parametric range and variable bounds. The
optimal capacity for production/transportation processes associated with a product in shortage can differ from that of
a product not in shortage. An illustrative example is presented in support of the analytical results. VC 2013 American

Institute of Chemical Engineers AIChE J, 59: 2454–2470, 2013
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Introduction

This study treats the shortage costs in a supply chain opti-
mization model within the framework of a generalized
batch-storage network. Shortages are a concern in the chemi-
cal industries. Since production lines can produce multiple
products, shortages of some products and overstocking of
other products are unavoidable because of inventory imbal-
ances over the multiple products. For example, most
commodity polymer plants that produce products such as
high-density polyethylene (HDPE), polypropylene (PP),
low-density polyethylene (LDPE), or linear low-density
polyethylene (LLDPE) consist of production lines involving
reaction, extrusion, and packaging stages. The reaction stage
operation has the characteristics of both a batch process (one
process produces multiple products in sequence), and a
continuous process (the process runs continuously during a
product transition as well as having a variable lot size for
each product). The operating modes of the extrusion and
packaging stages are semicontinuous. The scheduler must
reduce the number of product transitions to reduce losses
due to the sequence-dependent product changeover costs in
the reaction stage. However, reducing the number of product
changeovers in the reaction stage can cause overstocking of
some products and shortages of other products at the final
packaging stage. The consequences are an increase in the

inventory holding costs of overstocked products and back-
logging or lost sales costs of products in shortage. Product
shortages can be prevented by insuring sufficient capacity in
product storage units and by enabling multiple processes;
however, increasing the capacity of storage units and the
number of processes is costly. Allowing shortages of less
profitable products will be more cost-effective if shortage
costs can be appropriately managed.

Many chemical engineering studies of supply chain opti-
mization include shortage costs in their models.1–3 However,
the concept of a shortage cost in chemical engineering stud-
ies does not consider each customer’s situation, and models
of the consumer-oriented business environment are difficult
to construct. Shortage costs strongly depend on an individual
customer’s situation, as does the optimal solution of a supply
chain network. Two groups of models are available to treat
shortage costs in the operations research literature.4 One
group of these models assumes that in the event of a short-
age, a customer will wait for the delivery of the next order
for his demand to be fulfilled (the so-called backlogging
case). In another case, the customer is not prepared to wait
if there is a shortage (the so-called lost sales case). The
backlogging costs are associated with the loss of a custom-
er’s good will, whereas lost sales costs are associated with
demand reduction. A recent review of inventory models that
include partial backlogging, in which unsatisfied demand is
partially backlogged and the remaining demand is lost, refer-
enced around 150 published articles.5 It covers models that
include, in addition to partial backlogging, additional fea-
tures such as: deteriorating inventory, nonconstant demand
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patterns, an uncertain replenishment quantity, pricing and
multiple items. A review of lost sales inventory theories
referenced around 160 published articles.6 Lost sales models
are classified into a continuous review and a periodic review
with additional topics such as: supply interruptions, emer-
gency replenishments, multiple demand classes, order split-
ting, perishable items, pricing, joint replenishments and
multiechelon. Note that the model introduced in this article
falls into the category of multisupplier, multiproduct, multi-
stage, nonserial, multicustomer supply chain network with
reverse material/currency flows. Thus, the principal contribu-
tion to the literature of the model presented in this study is
to address the general case of shortage cost in multistage
production systems. We can find only three articles that
address the case: two that address two stage systems7,8 and
one that considers the serial multistage case.9 The basic
assumptions involved in extending the single-stage economic
order quantity (EOQ) style model to the general multistage
case requires that the process be stationary (periodic), nested
(coordinated), and follow a cycle time that is an integer mul-
tiple cycle time (power-of-two). Under these assumptions, an
approximate, near optimal solution can be developed that is
within 2% of optimality.10 The nested (coordinated) assump-
tion means that the phase shifts in the cycle times of multi-
stage processes are ignored. Note that the cycle time
coordination requires additional installation of automation
equipment, and, thus, will be practically impossible for quite
a number of processes. Cycle time length at each stage is re-
stricted to an integer power of two multipliers of the basic
period10 or to be an integer multiple of the cycle time of the
adjacent downstream stage.11 This power-of-two (integer
multiple cycle time) assumption is based on the observation
that the inventory holding cost of up-stream material is
lower than that of down-stream material since normally the
feedstock material to a stage is cheaper than the product
material. This is not true for byproducts and the price of
material is not the only factor in determining the inventory
holding cost. In this study, the nested (coordinated) and
power-of-two (integer multiple cycle time) assumptions are
relaxed.

Classical economic order quantity models with backlog-
ging costs suggest an optimal time delay and lot size for the
final product delivery.4 Product shortages can be mitigated
by advancing the production/transportation of a product, by
purchasing substitute products from third parties, or by
delaying delivery in the supply chain network. These opera-
tional decisions incur costs and impose limits on the varia-
bles. The consideration of all operational means for
recovering from product shortage in a supply chain network
suggests the existence of other possible solutions in addition
to the classical EOQ model with backlogging costs. In this
work, we use the assumptions of the classical EOQ model
with backlogging costs and develop optimization models that
include shortage costs within the framework of a generalized
batch-storage network. This study was motivated by the
observation that the concept of shortage costs developed in
the operations research, combined with our batch-storage
network design methodology, offers the possibility of more
general solutions than those reported in the operations
research literature and opens new research opportunities for
treating consumer behavior within supply chain management.

In this study, the complex supply chain network is repre-
sented by a batch-storage network12–21 that covers most sup-
ply chain structural components, for example, raw material

purchasing, production, transportation, and finished product
demand. The batch-storage network model introduced in this
article extends our previous work21 to include multitasking
semicontinuous production processes which allow us to rep-
resent commodity polymer supply chain network. We refer
to this extension as the generalized batch-storage network
(GBSN).

This article deals with a single-period supply chain design
problem. In that sense, the GBSN structure is really an
approximation to the general supply chain system. The basic
elements of the GBSN are production/transportation proc-
esses and material/currency storages. The processes can treat
multiple materials/currencies. Therefore, GBSN can repre-
sent the features of design/planning model in detail, but is
not enough to represent all of the features of a general
scheduling application for supply chain. For example, the
GBSN is not appropriate for production sequence optimiza-
tion. Most supply chain optimization models are MILP for-
mulations22,23; however, the design method developed in this
study is the combination of analytic lot sizing (process
capacity) solutions and a nonconvex MINLP model to com-
pute average flow rates. The MINLP model includes fre-
quency dependent costs compared to the MILP models. We
will demonstrate how to solve the MINLP model with a lin-
earization technique of nonlinear functions. Note that the
benefit of this study exists in the analytic lot sizing solutions
not in the MINLP model although the combination of both
solutions generates a global optimal solution in theory. The
optimality of analytic lot sizing solutions is still valid pro-
vided that the average flow rates are given by any other (lin-
ear) optimization models. The resulting simple analytic
solutions can greatly enhance the proper and quick invest-
ment decision for the preliminary supply chain design prob-
lem confronted in diverse economic situations. Also note
that the method in this study is restricted to a deterministic
approach, and, thus, the safety stocks to consider demand
forecasting errors are additionally required for real applica-
tions. The stochastic approach for the optimal design of
batch-storage network to consider uncertainties in demand
forecasting and batch operation is already developed.19 It is
not a nontrivial work to use the stochastic approach for
GBSN with shortage costs; however, we will not consider it
here for simplicity.

The remainder of this article is organized as follows. First,
variables and parameters are defined and then the concept of
backlogging costs is introduced. An optimization model that
includes backlogging costs is formulated, and the Kuhn-
Tucker conditions formulated and solved. Next, an optimiza-
tion model that includes the lost sales costs is formulated
and solved. Finally, some computational results that high-
light the advantages of the proposed approach are given and
conclusions offered.

Definition of Variables and Parameters

The definitions and notation used here are mostly the
same as those used in previous works by the authors.17,21 As
depicted in Figure 1, a supply chain system that converts
raw materials into final products through multiple physico-
chemical processing steps and subsequently transports them
to customers is composed of a set of currency storage units
(R), a set of material storage units (J), a set of semicontinu-
ous production processes (I), and a set of transportation proc-
esses (L). Production process i � I conducts multiple tasks
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in sequence, where n � N(i) is the task index. Tasks are exe-
cuted in the sequence n 5 1, 2,…, jN ið Þj, and this sequence
is repeated periodically. If only one task is involved in each
process, the results of this study reduce to the case of a
batch process.21 The production process is fed from feed-
stock storage units j � J and produces multiple products.
Each task requires different feedstock materials and
products. The composition of feedstock j in task n in a pro-

duction process i is f j
in, and the composition of product j

from task n in production process i is gj
in, whereXjJj

j51
f j
in5
XjJj

j51
gj

in51. Note that unlike the assumptions

used in our previous work,17 the feedstock composition and
product yield are assumed to be constant in this formulation.
Bin and xin are the batch size and duration, respectively, of
task n in production process i. Each production process has a
common production cycle xi and startup time 0ti. The ratio
of xin to xi is denoted by the cycle time ratio yin, that is

xin � yinxi where
XjN ið Þj

n51
yin51 and 0 � yin � 1. Din � Bin

xi

is the average material flow rate of task n in process i. Di �XjN ið Þj
n51

Din is the average material flow rate of process i.

Thus, by definition yin5 Din

Di
holds. The feeding startup time

for task n in process i is defined as 0tin , and the discharging

startup time of task n in production process i is defined as
t0in. Under these definitions, the following timing relation-

ships hold

0tin5 0ti1xi

Xn21

n051

yin0 ; t0in5 0tin1Dtin5 0ti1xi

Xn21

n051

yin01Dtin 8i;n;

(1)

where Dtin is the difference between the feeding and dis-
charging startup times of task n in production process i. 0xin

and x0in are defined as the feeding and discharging storage

operation times divided by the cycle time xi, and these
parameters are called the storage operation time fractions
(SOTFs). The definitions of 0xin and x0in differ from those

presented in our previous study,17 where xin was used

instead of xi. For semicontinuous processes 0xin5x0in5yin,

whereas 0xin5x0in50 for batch processes. Consider a multi-

parcel transportation process l � L, as shown in Figure 3 of
Ref. 21. Each transportation process moves multiple parcels
of materials of undetermined composition from storage units
in a source plant to storage units in a destination plant. The
average material flow rate from storage j � J to storage j0 �
J via parcel n � N(l) in a transportation process l � L is

denoted Djj0

ln , where storage units j and j0 store the same

material. Note that the concept of a parcel is the same as
that of a task in a production process, and, therefore, both
use the same index. The aforementioned definitions for pro-
duction processes apply to parcel n in transportation process
l, and the corresponding notations are Bln, xl,

0xlnðor x0lnÞ and

0tlnðor t0lnÞ. Note that
XjJj

j51

XjJj
j0 6¼j

Djj0

ln5Bln

xl
�Dln. Equations

similar to Eq. 1 hold for the transportation processes

0tln5 0tl1xl
0yln ; t0ln5 0tl1xly

0
ln1Dtln 8l; n; (2)

where 0yln and y0ln define the loading and unloading sequence
in a linear function of the cycle time. Dtln :ð Þ is usually
constant and can be larger than the cycle time. The overall
material balance around a storage unit j gives

XjIj
i51

XjN ið Þj

n51

gj
inDin1

XjLj
l51

XjN lð Þj

n51

XjJj
j0 6¼j

Dj0j
ln1
XjK jð Þj

k51

Dj
k5
XjIj
i51

XjN ið Þj

n51

f j
inDin

1
XjLj
l51

XjN lð Þj

n51

XjJj
j0 6¼j

Djj0

ln1
XjM jð Þj

m51

Dj
m 8j (3)

where Dj
k is the average flow rate of material j purchased

from supplier k 2 K jð Þ, and Dj
m is the average flow rate of

the demand for material j by customer m 2 M jð Þ. The incom-
ing material flows of purchased feedstock materials are

defined by the average flow rate Dj
k, cycle time xj

k, startup

time tj
k, and SOTF xj

k, where the batch size is Bj
k5Dj

kx
j
k. The

same definition holds for a finished product demand flow,

such as the average flow rate Dj
m, batch size Bj

m, cycle time

xj
m, startup time tjk, and SOTF xj

m where Bj
m5Dj

mxj
m.

The flow of multiple tasks can be decomposed into multi-
ple flows of a periodic single task. Then, using the machin-
ery of the PSW model with respect to the flow of each task
and summing the results of the single-task representations,
we can obtain a representation of multiple tasks. The inven-
tory holdup V j(t) of storage unit j is represented by the
PSW model as in the author’s previous work.17 A storage
unit is connected to the incoming flows from suppliers and
processes, and the outgoing flows to consumers and proc-
esses. The integration of each PSW flow from the initial
time to the current time equals the batch size multiplied by
the integer part of the time interval over the cycle time, plus
an additional term less than or equal to the batch size. That
is, the integration of each flow takes the forms

PSW t; D;x; t0; xð Þ5Dx int
t2t0

x

� �
1min 1;

1

x
res

t2t0

x

� �� �� �
;

(4)

or

PSW0 t;B;x;t0;xð Þ5B int
t2t0

x

� �
1min 1;

1

x
res

t2t0

x

� �� �
;

� �
(5)

Figure 1. Structure of generalized batch-storage
network.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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where D is the average flow rate, B is the batch size, x is
the cycle time, t0 is the startup time, x is the SOTF, t is the
current time, int[z] is the greatest integer less than or equal
to z, and res[z]5z-int[z]. Note that D5B

x. The inventory
holdup function V j (t) for a storage unit j can be calculated
by adding all incoming flows and subtracting all outgoing
flows from the initial inventory

Vj tð Þ5Vj 0ð Þ1
XjK jð Þj

k51

PSW t; Dj
k;x

j
k; t

j
k; x

j
k

� �

1
XjIj
i51

XN ið Þ

n51

PSW t; gj
inDin;xi; t

0
in; x

0
in

� �

2
XjIj
i51

XN ið Þ

n51

PSW t; f j
inDin;xi;

0tin ;
0xin

� �

2
XjM jð Þj

m51

PSW t; Dj
m;x

j
m; t

j
m; x

j
m

� 	

2
XjLj
l51

XjN lð Þj

n51

XjJj
j0 6¼j

PSW t; Djj0

ln ;xl;
0tln ;

0xln

� �

1
XjLj
l51

XjN lð Þj

n51

XjJj
j0 6¼j

PSW t; Dj0j
ln ;xl; t

0
ln; x

0
ln

� �
8j;

(6)

where Vj(0) is the initial inventory holdup. The functions
PSW(.) and PSW0(.) have the basic functional form

f zð Þ5int z½ �1min 1; res z½ �
z1

n o
. This function has a lower bound

z, an upper bound z 1 1 2 z1, and an average z 1 0.5(1 2 z1),
which are evident from a graphical representation of f(z).12

Table 1 of Ref. 20 lists the expressions for the average and
the upper and lower bounds of the PSW functions, where

PSW � PSW � PSW ;PSW 0 � PSW0 � PSW0 ;PSW50:5 3

PSW1PSW
� �

, and PSW050:5 PSW01PSW0
� �

. The upper

bound of the inventory holdup, the lower bound of the
inventory holdup, and the average inventory holdup can be
calculated using these properties. The upper bound of the in-
ventory will be used to compute the capital costs of storage
units. The lower bound of the inventory will be used as an
optimization constraint. The average inventory level will be
used to compute the inventory holding costs. The upper/
lower bounds and the average level of the inventory holdup

Vj , Vj and Vj , respectively, are given in Appendix C posted

online at http://myweb.pknu.ac.kr/gbyi/.
Costs are paid in multiple currencies r � R. The purchas-

ing setup cost of the raw material j, paid in currency r, is

denoted Ajr
k (currency/order): the setup cost of the task n in

the production process i, paid in currency r, is denoted Ar
in

(currency/batch), and the setup cost of the parcel n in the

transportation process l, paid in currency r, is denoted Ar
ln

(currency/batch). Note that all material flows are measured

volumetrically for convenience. The annual inventory hold-

ing cost for material storage j, paid in currency r (currency/

L/year), is further segregated into the inventory operating

cost (hjr), and the opportunity cost of inventory holding (cjr).

The operating cost accompanies the actual currency flow,

but the opportunity cost does not. The operating cost is

involved both as a constraint and as an objective function,

whereas the opportunity cost is involved only as an objective

function. To obtain an analytical solution to this optimization

problem, the capital cost is assumed to be proportional to

the processing capacity. Suppose that bjr
k (currency/L/year) is

the annual capital cost per unit capacity of the purchasing
facility for the raw material j, paid in currency r, br

i

(currency/L/year) is the annual capital cost per unit capacity
of production process i, paid in currency r, br

l (currency/L/
year) is the annual capital cost per unit capacity of transpor-
tation process l, paid in currency r, bjr

m (currency/L/year) is
the annual capital cost per unit capacity of the sales facility
for the finished product j, paid in currency r, and bjr

(currency/L/year) is the annual capital cost per unit capacity
of storage j, paid in currency r. In addition, assume that the
raw material cost is proportional to the quantity, and the
purchase price of the raw material j from supplier k, paid in
currency r, is Pjr

k (currency/L). The sales price of the
finished product j to the consumer m, paid in currency r, is
Pjr

m (currency/L). The annualized cost of the initial inventory
preparation is defined as bjr (currency/L/year).

Suppose that there exist currency storage units of the type
shown in Figure 4 of Ref. 20 that, through financial transac-
tions, operate on a supply chain consisting of the production
process set I, transportation process set L, and material storage
unit set J, as depicted in Figure 1. For simplicity, we ignore the
effects of temporary financial investments, bank loans, sales
tax, and labor costs, which were treated in detail in a previous
study.20 The currency flows entering the currency storage r are
CF1 and CF2 in Ref. 21. The currency flows leaving the cur-
rency storage r are CF2–CF16 in Ref. 21 and CF17.

(CF17) Annualized initial inventory costs of material
storage j proportional to the initial inventory volume bjr

(currency/L/year).
CF17 is closely related to the shortage cost. The currency

is transferred between currency storage units, (CF2, CF4,

and CF8). The average currency flow rate is denoted Er0r

(currency/year), where the currency transfer cycle time is

xr0r , the currency transfer startup time is tr
0r , the currency is

transferred from the currency storage r0 to the currency

storage r, and an exchange rate vr0r applies. The SOTF for a
currency flow is set to zero without loss of generality. The

corresponding transfer setup costs Ar0r (currency/transaction)
are paid from the sending currency storage r0. For materials
transported from storage j0 2 J r0ð Þ to storage j 2 J rð Þ with an

average flow rate of
XjLj

l51

XjN lð Þj
n51

Dj0j
ln , the purchasing costs

will be transferred from the currency storage r 2 R jð Þ to the

currency storage r0 2 R j0ð Þ, based on the transfer price Prr0
j0j ,

where J(r) is the subset of material storage associated with
the currency storage r, and R(j) is the subset of currency
storage associated with material storage j. The currency
transfer rate is

Err05
XjJj
j51

XjJj
j0 6¼j

XjLj
l51

XjN lð Þj

n51

Prr0

j0j Dj0j
ln ; (7)

Note that the transfer price Prr0
j0j 50, if r5r0;j5j0; or j 62

J rð Þ; j0 62 J r0ð Þ; r 62 R jð Þ or r0 62 R j0ð Þ.
In addition, we assume that the setup cost transactions of

CF5–CF8 and the inventory operating costs of CF9 are paid
on a pro rata basis as a function of the extent of material
processing or the volume of the financial transactions. The
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currency flows associated with the inventory operating costs
are proportional to the inventory level.

The average currency flow rate for customs duties on the
material moved from the material storage j0 to the material
storage j, transported by parcel n via transportation process l
and paid to the nation that uses currency r, is pj0jr

ln Dj0j
ln , where

pj0jr
ln (currency/L) is the customs duty rate. The variable oper-

ating cost, which is the production process operating cost
proportional to the average material flow rate through the
process, can be treated in the same manner as the customs
duty with the variable operating cost rate pr

i (currency/L).
Each currency flow in the PSW model is represented by a
function of the batch size (or average flow rate), cycle time,
startup time, and SOTF in the same way as the material
flows are represented (with appropriate super- or subscripts),
as shown in Table 1 in Ref. 21.

The startup times of currency flows of the profit after
taxes (benefit to stockholder), and the annualized capital
investments are assumed to be zero. The currency flows of
the profit after taxes and the annualized capital investments
are assumed to be continuous, and the SOTFs for these
currency flows are set to one. Invoking these assumptions
simplifies the currency flows of the profit after taxes and
the annualized capital investments given in the following
equation. Table 1 in Ref. 21 lists the functional forms of
CF1–CF16, obtained using Eqs. 4 and 5 with the defined
variables and parameters. Define Cr(0) as the initial cur-
rency inventory and Cr(t) as the currency inventory at time
t. Then the currency inventory at time t is calculated by
adding the incoming flows (CF1– CF2) to the initial
currency inventory and subtracting the outgoing flows
(CF3– CF17)

Cr tð Þ5Cr 0ð Þ1
XjJj
j51

XjM jð Þj

m51

Pjr
mPSW t; Dj

m;x
j
m; t

j
m1Dtjm; x

j
m

� 	
2

XjJj
j2 Dj

mf g1

XjM jð Þj

m51

PSW0 t; Ajr
m;x

j
m; t

j
m; x

j
m

� 	

2
XjJj
j51

XjK jð Þj

k51

Pjr
k PSW t; Dj

k;x
j
k; t

j
k1Dtjk; x

j
k

� �
2

XjJj
j2 Dj

kf g
1

XjK jð Þj

k51

PSW0 t; Ajr
k ;x

j
k; t

j
k; x

j
k

� �

2
XjIj

i2 D
inf g

1

XjN ið Þj

n51

PSW0 t; Ar
in;xi;

0tln ;
0xin

� 	
2
XjJj
j51

hjr

ðt
0

Vj tð Þdt2Er
Rt2Er

Tt

1
XjRj
r0 6¼r

vr0rPSW t; Er0r;xr0r; tr
0r; 0

� �
2
XjIj
i51

PSW t; pr
i Di;xi;

0ti ;
0xi

� 	

2
XjRj
r0 6¼r

PSW t; Err0 ;xrr0 ; trr0 ; 0
� �

2
XjRj

r02 Err0f g1

PSW0 t; Arr0 ;xrr0 ; trr0 ; 0
� �

2
XjLj

l2 D
lnf g

1

XjN lð Þj

n51

PSW0 t; Ar
ln;xl;

0tln ;
0xln

� 	
2
XjJj
j51

XjJj
j0 6¼j

XjLj
l51

XjN lð Þj

n51

PSW t; pj0jr
ln Dj0j

ln ;xl; t
0
ln; x

0
ln

� �

2
XjJj
j51

XjK jð Þj

k51

bjr
k Dj

kx
j
kt2
XjIj
i51

br
i Dixit2

XjLj
l51

br
l Dlxlt2

XjJj
j51

bjrVj t2
XjJj
j51

bjrVj 0ð Þt2
XjJj
j51

XjM jð Þj

m51

bjr
mDj

mxj
mt 8r;

(8)

where Dj
k

n o1

� jjDj
k > 0

n o
, Dj

m


 �1 � jjDj
m > 0


 �
,

Din


 �1 � ijDin > 0

 �

, Dln


 �1 � ljDln > 0

 �

, and Er0r

 �1

� r 6¼ r0jEr0r > 0

 �

are the index sets with positive average

flow rates. Er
R (currency/year) is the average profit after

taxes, and Er
T (currency/year) is the average tax flow rate,

where Er
T

� 	
5nr Er

R1Er
T

� 	
and nr (currency/currency) is the

corporate income tax rate paid in currency r. The average
flow rates of currency into and out of a currency storage unit
satisfy the following currency balance equations
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(9)
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The average level of the currency inventory Cr
� 	

is calcu-

lated by replacing the terms in Eq. 8 with the term PSW :ð Þ
in Table 1 of Ref. 20. The lower bound of the currency in-

ventory Cr
� �

is calculated by replacing the negative PSW :ð Þ

terms in Eq. 8 with the terms PSW :ð Þ, and the positive terms
in Eq. 8 are replaced with the PSW :ð Þ terms. Equation 9

simplifies many terms and the resulting equations C4 and C5
are given in Appendix C posted online at http://myweb.
pknu.ac.kr/gbyi/.

Modeling of the backlogging cost

We implement the assumptions of the classical EOQ
model with respect to the backlogging cost.4 The original

customer demand is a continuous flow xj
m51

� 	
starting at tjm

with an average flow rate Dj
m; however, the product shipping

flow pattern is batchwise with cycle time xj
m, and instantane-

ous flow xj
m50

� 	
. (The case of 0 < xj

m < 1 can be readily

handled without theoretical difficulty, but with intensive
algebraic details which will not be reported here.) Differen-
ces in the customer demand flow patterns and the shipping-
to-customer flow patterns result in unavoidable periodic
shortages and oversupplies as shown in Figure 2, in which a
shortage means the shipping volume is less than the demand
volume and oversupply means the opposite. Both an over-
supply and a shortage can cause a loss of customer good
will (LCGW). Here, two types of hypothetical costs occur:

the oversupplied inventory holding cost Hjr
m (currency/L/

year) and the shortage cost. Note that the oversupplied in-
ventory holding cost differs from the inventory holding cost
hjr or cjr. The shortage costs are classified into two types:

the backlogging cost bjr
m (currency/L/year), proportional to

the backlogged inventory level, and the lost sales cost ajr
m

(currency/L/year), proportional to product volume of the
shortage. (Lost sales costs are considered in the next sec-
tion.) Increasing the initial inventory Vj (0) can reduce the

shortage but by incurring additional costs. The fraction of
the initial inventory Vj (0) shipped to customer m is denoted

vj
m 0ð Þ. Then Vj 0ð Þ5

XjM jð Þj
m51

vj
m 0ð Þ. Three inventory profiles

should be considered, depending on the range of the ship-

ping startup times tjm, as shown in Figures 2 and 3. For

tjm � tjm � tjm 1
vj

m 0ð Þ
Dj

m
, as shown in Figure 3, only oversupplied

inventory is present, and the oversupplied inventory holding
costs are expressed as

LCGW tjm;x
j
m; v

j
m 0ð Þ

� 	
5
XjRj
r51

XjJj
j51

XjM jð Þj

m51

vr1Hjr
mDj

m

0:5xj
m2tj

m1tjm 1
vj

m 0ð Þ
Dj

m

� 

; (10)

For tjm 1
vj

m 0ð Þ
Dj

m
< tjm � tjm 1

vj
m

Dj
m

1xj
m both oversupplied

inventory and backlogged inventory are present, as shown at
Figure 2. The sum of the oversupplied inventory holding
costs and the backlogged inventory holding costs is

LCGW tj
m;x

j
m; v

j
m 0ð Þ

� 	

5
XjRj
r51

XjJj
j51

XjM jð Þj

m51

vr1Hjr
mDj

m tj
m2tjm 2

vj
m 0ð Þ
Dj

m

2xj
m

� 
2

2xj
m

1
XjRj
r51

XjJj
j51

XjM jð Þj

m51

vr1bjr
mDj

m tj
m2tjm 2

vj
m 0ð Þ
Dj

m

� 
2

2xj
m

;

(11)

The terms in Eq. 11 are computed as described in Ref. 4.

For tjm 1
vj

m 0ð Þ
Dj

m
1xj

m < tjm as shown in Figure 3, only back-

logged inventory is present, and the backlogged inventory
holding costs are

Figure 2. Concept of backlogging cost.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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LCGW tjm;x
j
m; v

j
m 0ð Þ

� 	
5
XjRj
r51

XjJj
j51

XjM jð Þj

m51

vr1bjr
mDj

m

3 tjm2tjm 2
vj

m 0ð Þ
Dj

m

20:5xj
m

� 

; (12)

Suppose gr (currency/currency/year) is the rate of the op-
portunity costs for the currency inventory (interest rate). The
optimization procedure seeks to minimize the opportunity
costs of the currency/material inventories minus the profit
after taxes, plus the LCGW expressed in the numeraire
currency (r 5 1)

Minimize TC5
XjRj
r51

vr1grC
r
1
XjRj
r51

XjJj
j51

vr1cjrVj

2
XjRj
r51

vr1Er
R1LCGW tjm;x

j
m; v

j
m 0ð Þ

� 	
; (13)

Equation 13 can be rewritten using Eq. 9, and the resulting
equation Eq. C6 is given in Appendix C posted online at http://
myweb.pknu.ac.kr/gbyi/. The optimization problem entails:

(P1) minimizing the objective function in Eq. 13 and one

of Eqs. 10, 11 or 12, under the constraints Vj � 0, Cr � 0,

Vj 0ð Þ � 0, tjk � tjk , 0ti � 0ti � 0ti ,
0tl � 0tl � 0ti and equa-

tions given in Eqs. C1–C5 and 9 with respect to the design
variables xj

k; xin; xln; x
j
m; x

rr0 ; tj
k;

0ti ;
0tl ; tjm; trr0 and vj

m 0ð Þ.
Note that the startup times 0tin t0in

, 0tlnand t0ln are converted
into 0ti and 0tl via Eqs. 1 and 2, respectively. Note also that
xj

m and tjm are variables here, whereas all previous studies
treated them as known parameters. The solution to the
Kuhn-Tucker conditions for the optimization problem (P1)
can be obtained in analytical form by means of algebraic
manipulations summarized in Appendix C posted online at
http://myweb.pknu.ac.kr/gbyi/. The optimal cycle times are

�xj
k5
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where
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k 1 0:5grPjr
k 1hjr

h i
12xj

k

� �
8j; k; (15)

with

hjr � 12nrð Þhjr1cjr

2
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and where X(j) is defined in Tables 1–4.
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r51

vr1 hjr10:5grPjr
m

� 	
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where DWj
m is defined in Table 1–4

Figure 3. Two other cases of backlogging cost.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Table 1. Solution 1 ~ 11 for Backlogging Case

No.
Parameter
Restriction Vj 0ð Þ

Process Startup
Times X jð Þ

1 0 tj
k > tj

k 0

0ti <
0ti <

0ti

0tl <
0tl <

0tl

2 Vj 0ð Þ > 0 tj
k5tjk 0:5 12nrð Þbjr

0ti 5
0ti or 0ti 5

0ti

0tl 5
0tl or 0tl 5

0tl

3 0 tj
k5tjk X jð Þ < 0:5 12nrð Þbjr

0ti 5
0ti or 0ti 5

0ti

0tl 5
0tl or 0tl 5

0tl

4 0 tj
k > tj

k 0

0ti <
0ti <

0ti

0tl <
0tl <

0tl

5 0:5 12nrð Þbjr � bjr
m Vj 0ð Þ > 0 tj

k5tjk 0:5 12nrð Þbjr

0ti 5
0ti or 0ti 5

0ti

0tl 5
0tl or 0tl 5

0tl

6 0:5 12nrð Þbjr � bjr
m Vj 0ð Þ > 0 tj

k5tjk 0:5 12nrð Þbjr

0ti 5
0ti or 0ti 5

0ti

0tl 5
0tl or 0tl 5

0tl

7 0 tj
k5tjk

XjRj
r51

vr1X jð Þ <

min
XjRj
r51

vr1bjr
m;
XjRj
r51

vr10:5 12nrð Þbjr

( )
0ti 5

0ti or 0ti 5
0ti

0tl 5
0tl or 0tl 5

0tl

8 0 tj
k5tjk

XjRj
r51

vr10:5 12nrð Þbjr >

XjRj
r51

vr1X jð Þ �
XjRj
r51

vr1bjr
m0ti 5

0ti or 0ti 5
0ti

0tl 5
0tl or 0tl 5

0tl

9 0 tj
k > tj

k 0

0ti <
0ti <

0ti

0tl <
0tl <

0tl

10 0:5 12nrð Þbjr � bjr

m
^ 0 tj

k5tjk bjr

m
^

0ti 5
0ti or 0ti 5

0ti

0tl 5
0tl or 0tl 5

0tl

11 0 tj
k5tjk

XjRj
r51

vr1X jð Þ <

min
XjRj
r51

vr1bjr
m;
XjRj
r51

vr10:5 12nrð Þbjr

( )
0ti 5

0ti or 0ti 5
0ti

0tl 5
0tl or 0tl 5

0tl
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Table 2. Solution 1 ~ 11 for Backlogging Case Extended

No. DWj
m tjm

1
XjRj
r51

vr10:5Hjr
m tj

m 1
vj

m 0ð Þ
Dj

m

2
XjRj
r51
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� �
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m 1
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m 0ð Þ
Dj

m

3
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� �
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m 1
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m 0ð Þ
Dj

m

4
0:5
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m

� � XjRj
r51
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m

� �
XjRj
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vr1 bjr
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� 	 tj
m 1
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m 0ð Þ
Dj

m
1
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m

� �
XjRj

r51
vr1 bjr
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m

� 	 �xj
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� 	
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XjRj
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n o2
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� 	 tj
m 1
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Dj

m
1
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m
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7
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m 1
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Dj

m
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� 	
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m 1
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Dj

m
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Table 3. Solution 12 ~ 14 for Lost Sales Case

No. Parameter Restriction Vj 0ð Þ Process Startup Times X jð Þ

12 0:5 12nrð Þbjr < ajr

m
^ Vj 0ð Þ > 0 tj

k5tjk 0:5 12nrð Þbjr

0ti 5
0ti or 0ti 5

0ti

0tl 5
0tl or 0tl 5

0tl

13 0:5 12nrð Þbjr � ajr

m
^ 0 tj

k5tjk ajr

m
^

0ti 5
0ti or 0ti 5

0ti

0tl 5
0tl or 0tl 5

0tl

14 0 tj
k5tjk

XjRj
r51

vr1X jð Þ <

min
XjRj
r51

vr1ajr
m;
XjRj
r51

vr10:5 12nrð Þbjr

( )
0ti 5

0ti or 0ti 5
0ti

0tl 5
0tl or 0tl 5

0tl

2462 DOI 10.1002/aic Published on behalf of the AIChE July 2013 Vol. 59, No. 7 AIChE Journal



�xrr05
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8r; r0; (23)

where

Wrr0 � 0:5
vr01
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8r; r0; (24)

Vj 50 with Eq. C2 and with Eq. C5 give
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The optimized objective function is
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For tjm � tj
m � tjm 1

vj
m 0ð Þ
Dj

m

, we have Solutions 1–3. For

tj
m 1

vj
m 0ð Þ
Dj

m
< tjm � tjm 1
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Dj
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1xj

m, we have Solutions 4–8. For

tj
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Dj

m
1xj

m < tjm, we have Solutions 9–11. Solutions 1–11

are given in Tables 1 and 2 where m
^

5arg min m aj
m or bj

m


 �
:

We have 11 solutions for the backlogging cost depending
on parametric range, but Solutions 1, 2, 3, 6, 7, 8, 9, and 11

are redundant. If bjr
m >> Hjr

m, Solution 4 collapses to Solution

1, Solution 5 collapses to Solution 2, and Solution 7 collap-

ses to Solution 3. If, Hjr
m >> bjr

m Solution 4 collapses to So-

lution 9, and Solution 7 collapses to Solution 11. Solution
10 dominates Solution 6 in objective function value. For

0:5 12nrð Þbjr5bjr

m
^, Vj 0ð Þ > 0 is possible in Solution 10. Note

that Eq. 25 determines the remaining freedoms of the varia-
bles. X(j) in Solutions 3, 7, 8, and 11 is determined from
Eq. 27, which is a highly nonlinear implicit equation. The
optimized objective function Eq. 33 is composed of the sum
of the square root and linear terms with respect to X(j), and,
thus, is a concave function. A global optimum exists, there-

fore, at the bounds of X(j): X(j) 5 0, 0:5 12nrð Þbjr or bjr

m
^,

which are Solutions 4, 5, and 10. Now, we have three
remaining solutions. The optimal solution to the classical
EOQ model with a backlogging cost,4 which did not con-
sider multiple currency and exchange rate can be rewritten
in the notations used in this article as

DWj
m5

0:5
XjRj

r51
vr1bjr

m

� � XjRj
r51

vr1Hjr
m

� �
XjRj

r51
vr1 bjr

m1Hjr
m

� 	 8j;m; (28)

Solution 4 corresponds to the classical EOQ model with a
backlogging cost (Eq. 28). Many important observations may
be made here. The usage of the classical EOQ model with
backlogging cost is more restrictive than as is known so far.
Solution 4 in Table 1 indicates that process startup times are
not binding and still more process freedom exists to reduce
shortage although it increases total cost. Solution 4 does not
use initial inventory to reduce shortage because of cost
increase. Note that the process startup times of Solution 10
has no freedom to adjust to reduce shortage, and, therefore,
Solution 10 is more popular in the real world. The lot size
computed using Solution 4 is smaller than that predicted in
the classical EOQ model with a backlogging cost (Eq. 28),
because of the additional terms in Eq. 22. Solution 4 does not
influence the optimal value of the production/transportation
process cycle times or the average flow rates through the net-

work, although Solutions 5 and 10 do have such an influence.
(Additional terms include X(j)> 0 in Eqs. 18 and 20.) Solu-
tion 10 indicates that an individual customer’s backlogging
cost can strongly influence the whole network structure as
well as the lot size of product in shortage, and, therefore,
backlogging costs should be managed customer by customer.

Modeling of the lost sales cost

The classical EOQ model that includes lost sales costs
assumes that the lost sales occur periodically for an indefinite
time, and the average product shipping rate is less than the origi-
nal customer demand rate. The resulting optimal solution is the
one with no shortage, which is a trivial one.4 We impose a differ-
ent assumption, that is, lost sales occur once when a product is in
shortage and once when a product is ready to deliver, and no
other shortages occur without customer demand reduction, as
can be seen in Figure 4. The shortage cost is computed by adding
the lost sales cost during the shortage period, which is propor-
tional to the shortage volume, and the oversupplied inventory
holding cost, which is proportional to half the lot size

LCGW tjm;x
j
m; v

j
m 0ð Þ

� 	
5
XjRj
r51

XjJj
j51

XjM jð Þj

m51

vr1ajr
mDj

m tjm2tj
m 2

vj
m 0ð Þ
Dj

m

� 


10:5
XjRj
r51

XjJj
j51

XjM jð Þj

m51

vr1Hjr
mDj
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(29)

Three solutions to the Kuhn-Tucker conditions exist, as
described in Appendix C posted online at http://myweb.
pknu.ac.kr/gbyi/, and are summarized in Tables 3 and 4.
Solution 12 is the same as Solution 2, and Solution 14 is the
same as Solution 3. The independent solutions to the short-
age cost developed in this study are summarized as Solutions
4, 5, 10 and 13.

If both customers associated with backlogging and cus-
tomers associated with lost sales exist for the same product,
all combinations of the aforementioned Solutions 1–11 and
Solutions 12– 14 may be obtained. The solutions will differ
depending on the choice of the term in the Lagrange
multiplier X(j), which is limited to 0 � X jð Þ
� min ajr

m
^;b

jr

m
^; 0:5 12nrð Þbjr

n o
. We omit the solutions for the

combined case here for the purpose of clarity. A key
assumption of the classical EOQ with a backlogging cost is
that the product shipping flow is batch-wise, whereas cus-
tomer demand flow is continuous. This assumption is
required to compute the oversupplied inventory level and the
backlogged inventory level. The product shipping flow and
customer demand flow can occur in several combinations,
and their solutions will be different. Solutions 10 and 13
assume that the customer waits for the delivery of the prod-
uct in shortage forever, but this is not realistic if the waiting
time goes beyond a certain limit. A customer can switch
from a backlog category to a lost sales category depending
on the waiting time length. The full spectrum of shortage
costs should be examined in the following research.

Simplified network design model

The average flow rates Dj
k;Din and Djj0

ln and production
sequences were assumed to be known parameters in the
aforementioned development; however, they were variables

Table 4. Solution 11 ~ 14 for Lost Sales Case Extended.
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to be computed prior to the cycle times and startup times.
(The global optimality of such a two-level approach was pro-
ven previous.)14 The optimization model used to compute
the average flow rates is composed of an objective function
(Eq. 27), and a constraint (Eq. 3). The equations used to
compute the production sequence are given in Eq. 21 in Ref.
17. The optimization model is highly nonlinear and includes

a four-variable term Di
0xin

�xin

� 	Xn21

n051
yin0 , with a large

number of binary variables that are required in order to
define the production sequence, and, thus, direct solution is
beyond the practical limitations of current computational
resources. We, therefore, introduce a simplified optimization
model. Assume that all products are produced once within a
common cycle (N(i) 5 J), and the sequence is arbitrary, say
N 5 j. The validity of this assumption is based on the fact

that if min n

XjRj
r51

vr1Ar
in > 0:5 max n

XjRj
r51

vr1Ar
in, it is opti-

mal to allocate all different products to the tasks in a com-

mon cycle.17 Then, 0xin5yin5 0xij5
Dij

Di
and Din5Dij. Assume

that only the average production setup cost Ar
in5Ar

i is

known. Equation 3 is converted to
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where a transportation process involves only one parcel, for
simplicity. The cycle times are
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Figure 4. Concept of lost sales cost.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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where
Xj21

j051
yij0 � 1ð Þ in Eq. 1 is removed to provide

tighter constraints. The objective function Eq. 27 is
simplified to
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(36)

Minimizing Eq. 36 under the constraints of Eqs. 30 and
35 with respect to the average flow rates gives a supply
chain network that does not yield a product shortage.

Design Example and Discussions

Urgent customer demand can be treated by fully flexible
supply chain design; however, such design is highly costly.
In this design example, we will show that managing shortage
cost with limited-flexible supply chain may be more cost-
effective. Figure 5 illustrates an example production inven-
tory and a distribution system that this study is designed to
handle. This example includes 18 plants (rounded rectan-
gles), 14 materials (circles), and 3 production processes
(squares). The first three plants involve semicontinuous pro-
duction processes i1–i3 with material storage units j1–j42,
which are different from the example in Ref. 21. Each pro-
duction plant is assumed to only include one production pro-
cess for the purpose of this case study. Multiple production
processes in a plant can introduce additional costs for a
given material flow rate. The number of processes can be
increased subsequently according to the procedure suggested
in our previous research17 if required. The other plants
include only material storage units j43–j252. Plants p4– p9
correspond to the distribution centers, and the other plants
correspond to terminals. Raw material purchasing is not con-
sidered in this study because the raw materials of a commod-
ity polymer process, ethylene, propylene, hydrogen, etc., are
usually supplied by pipelines (from a naphtha cracker)
within the same plant. The number of products (14) is simi-
lar to the number of products associated with HDPE reactor.
We assume that no transportation deliveries are made from
plants p4– p18 (distribution centers and terminals) to plants
p1–p3 (production plants), and no multiproduct deliveries
are made from plants p1–p9 (production plants and distribu-
tion centers) to p10–p18 (terminals). The number of possible
transportation routes is 24 for a multiproduct delivery and
471 for a single-product delivery. The supply chain network
is owned by six subsidiaries r1–r6. Two horizontally curved

dotted lines represent the borders between countries, and
three countries are involved. Each country has two subsidia-
ries: the first country has r1/r2, the second has r3/r4, and the
third has r5/r6. Each country uses a single currency, and
each subsidiary uses the currency associated with its country.
Therefore v125v345v5651. The currency of the first country
($) is the numeraire. We assume that arbitrage is not present
in the currency exchange, which is vrr05 1

vr0r. The currency
exchange rates are set to v135v3553:16. The corporate
income taxes are set to n15n250:35, n35n450:28 and
n55n650:07. The interest rates are set to g15g250:01,
g35g450:05, and g55g650:11. The production process
setup costs are $158, $482, and $668 for i1– i3. The trans-
portation setup costs for a multiproduct delivery are in the
range $52– $279. The transportation setup costs for a single-
product delivery are in the range $20– $145. The currency
transfer setup costs are $0.5– $5. The product change-over
cost is $5.92. The operating and opportunity costs of inven-
tory holding are in the range 2.9–13.5 $/L/year. Product
sales and transfer prices are 59– 271 $/L. The major con-
straints are the absence of a material inventory shortage in
response to the most urgent customer demand, and material
balance. The production processes are assumed to initiate at
day 2, and the transportation processes are assumed to initi-
ate at day 8. The customer demand startup times are selected
to fall on days 10, 15, 20, 25, 30, 40, 50, and 60. We assume
that all SOTFs are zero for convenience. For the given data,
we would like to optimize the sizes of the production/trans-
portation processes and the material storage, as well as opti-
mize the material/currency inventories and the average
material/currency flow rates through the routes.

The network design model used to determine the average
material/currency flow rates can be formulated as an MINLP.
This MINLP model has 519 binary variables, 1,648 continu-
ous variables, and 1,565 equations with 792 nonlinear varia-
bles and 260 nonlinear constraints. Binary variables
represent the existence of production, transportation, and cur-
rency transfer processes. The most nonlinear term is a three-
variable term Di

0xij
�xi

� 	
jX jð Þ50 in Eq. 35. The best
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commercial global optimizer currently in existence is
BARON.24 Unfortunately; GAMS/BARON cannot solve a
problem with this level of MINLP complexity. GAMS/
DICOPT 23.8.2 can calculate a local optimum point rapidly
only if a suitable initial guess is given. We generated initial
guesses for the GAMS/DICOPT using a separable program-
ming technique for a nonseparable function,21 as summarized
in Appendix B posted online at http://myweb.pknu.ac.kr/
gbyi/. Separable programming techniques are based on the
fact that any nonlinear function can be piecewise approxi-
mated by a sufficient number of linear functions. This tech-
nique transforms a nonseparable MINLP to a large-scale
MILP, which permits us to take advantage of powerful
MILP commercial solvers.25,26 Note that the three-variable
terms are segregated into two two-variable terms to reduce
the problem size. Each variable may require more than 60
grids to achieve sufficient accuracy21 in the piecewise linear
approximation; however, in this study, we divided separable
variables into 10 grids, the variables in D

jj0

l
�xlð ÞjX jð Þ50 into

50 grids, and all the other variables into 20 grids in order to
make function evaluation errors checked at converged point
less than 1%. We positioned more grid points where the
function becomes stiff in such a way that the interval
between grid points increases linearly. The resulting MILP
model included 519 binary variables, 555,979 continuous
variables (19,839 SOS2 variables), and 28,547 equations.
GAMS/XPRESS 22.01 was used as the MILP solver with an

Intel(R) Core(TM) i7 CPU X990 @ 3.47 GHz and 24 GB
RAM. Note that this CPU has 12 threads, and the parallel
(multiple threads) computing capabilities of MILP solver
were fully exploited. The total computational times to obtain
first feasible solutions were in the range of 3–7 h in the
MILP. The first feasible solutions of MILP accepted as ini-
tial guesses for succeeding MINLPs were quite far from
global optimality, (Current-LP relaxed)/LP relaxed u 49.4–
6.9. Succeeding MINLPs with GAMS/DICOPT improved the
objective values remarkably within 5 min; (Current-LP
relaxed)/LP relaxed u 14.3–2.6. With our limited computa-
tional experience, GAMS/XPRESS was more effective than
GAMS/CPLEX for parallel computing. Binary variable
branching priorities were set higher according to material
flow sequence. The rigorous solution of the complete
MINLP model introduced here is not practical at this time
because of the heavy computational burden; however, given
that MILP solution via CPLEX has been speeded up by a
factor of over 300 times over the past decade,27 it can be
expected that rigorous solution will be feasible within the
next decade. Recent work introduces a branch-and-refine
algorithm for the rigorous global optimization of MINLP
with square root terms28 and interval elimination strategy for
the rigorous global optimization of MINLP with bilinear
terms.29 Combining these two methods may generate a
global optimum for the MINLP introduced in this study;
however, it goes beyond the scope of this study.

Figure 5. Example supply chain network design.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Figure 6 shows the optimized total network design cost as
a function of the customer demand startup time. As the cus-
tomer demand was delayed, the network design cost
decreased until day 20. After day 20, the network design
cost remained steady. Therefore, day 20 is a good time for
the earliest customer demand to be generated. Customer
demand generated earlier than day 20 induces shortage cost.
When Solution 4 is selected, the total shortage cost is
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(37)

Equation 37 can be simplified to 0.5 (number of products
and customers, inventory holding costs, and shipping batch
size) if the backlogging cost is much greater than the oversup-
plied inventory holding cost. The optimized total network
design cost without Eq. 35 included 56% of the design cost
predicted with Eq. 35. These results demonstrate that manag-
ing the shortage costs in response to urgent customer demand
is an essential part of the supply chain network design.

Concluding Remarks

This study seamlessly combines the concepts of backlog-
ging and lost sales costs with the optimal design of a gener-
alized batch-storage network. In previous developments
relating to batch-storage network design, the customer
demand flow and the product shipping flow were expressed
using the same batchwise formulation with known parameter
values. In this study, the customer demand flow was
assumed to vary continuously, whereas the product shipping
flow was batchwise, following the assumption of the classi-
cal EOQ model with backlogging or lost sales costs. Note
that the cycle time and startup time associated with the prod-
uct shipping flow were variables that were optimized to min-
imize the relevant costs. The discrepancies between the two
flows caused repeated shortage and oversupply of the prod-
uct, which incurred costs at different rates. The optimization
model that included these additional costs provided optimal

startup and cycle times for the product shipping flows. The
result obtained in this study based on the generalized batch-
storage network formulation converged to the solution to a
classical EOQ model as a special case, suggesting the exis-
tence of many additional solutions, depending on the net-
work conditions. The product shipping cycle time computed
in this study was smaller than that optimized by the classical
EOQ model. The initial inventory and startup/cycle times for
the purchase, production, and transportation processes jointly
influenced the optimal solution to the shortage costs as well
as the average flow rates through the network. The shortage
costs should be measured on a customer-by-customer basis
because the optimal supply chain network structure can
depend strongly on the individual customer shortage costs.
An example network design showed that imposing the no
shortage condition significantly increased the design cost,
and, thus, the requirement to actively manage the shortage is
unavoidable over a portion of the supply chain network
operations.
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Notation

Subscripts

i = index of production process
k = index of raw material vendor
l = index of transportation process

m = index of customer
n = index of task in production process or parcel in transportation

process

Superscripts

j = storage index
r = index of currency in subsidiary

bjr
k = annualized capital cost of raw material purchasing facility,

currency/L/year, parameter
bjr

m = annualized capital cost of finished product sales facility,
currency/L/year, parameter

br
i = annualized capital cost of production process i paid by cur-

rency r, currency/L/year, parameter
br

l = annualized capital cost of transportation process l paid by
currency r, currency/L/year, parameter

bjr = annualized capital cost of storage facility j paid by currency
r, currency/L/year, parameter

Ajr
k = setup cost of feedstock materials, currency/batch, parameter

Ar
in = setup cost of task n in noncontinuous process i, currency/

batch, parameter
Ar

ln = setup cost of parcel n in transportation process l, currency/
batch, parameter

Arr0 = setup cost of currency transfer, currency/transaction,
parameter

Bj
k = raw material order size, L/batch, variable

Bin = batch size of task n production process i, L/batch, variable
Bj

m = final product delivery size, L/batch, parameter
Bln = batch size of parcel n transportation process l, L/batch,

variable
Cr 0ð Þ = initial cash inventory of currency r, L, variable
Cr tð Þ = cash inventory of currency r at present time t, L, variable

Cr = average level of currency inventory, L, variable
Cr = lower level of currency inventory, L, variable

Dj
k = average material flow of raw material supply, L/year, variable

Dj
k

n o1

= the set of index j that has positive value of Di, variable

Djj0

ln = average material flow of customer demand, L/year, parameter
Din = average material flow through task n in production process i,

L/year, decision variable

Figure 6. Optimal design cost with respect to demand
startup time.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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Di = average material flow through production process i, L/year,
decision variable

Di


 �1
= the set of index i that has positive value of Di, variable

Djj0

ln = average material flow rate from storage j to storage j0 via
parcel n in transportation process l, L/year, decision variable

Djj0

ln

n o1

= the set of index l or n that has positive value of Djj0

ln , variable

Er
R = average currency flow rate of profit after tax, currency/year,

variable
Er

T = average currency flow rate of corporate income tax, currency/
year, variable

Err0 = average currency flow rate of currency transfer from r to r0,
currency/year, variable

Err0

 �1

= the set of index r, r0 that has positive value of Err0 , variable
f j
in = feedstock composition of task n in production unit i,

parameter
gj

in = product yield of task n production unit i, parameter
hjr = annual inventory operating cost, currency/L/year, parameter
Hjr

m = annual oversupplied inventory holding cost of product j to
customer m paid by currency r, currency/L/year, parameter

I = production process set, parameter
I (r) = production process subset owned by the subsidiary that uses

currency r, parameter
J = material storage set, parameter

J(r) = material storage subset owned by the subsidiary that uses cur-
rency r, parameter

K(j) = raw material supplier set for storage j, parameter
M(j) = consumer set for storage j, parameter
N(i) = task set for production process i, parameter
N(l) = parcel set for transportation process l, parameter
Pjr

k = price of raw material j from supplier k paid by currency r,
currency/L, parameter

Pjr
m = sales price of finished products to customer m paid by cur-

rency r, currency/L, parameter
Prr0

j0 j = transfer price represented by currency r and transferred from
currency storage r 2 R jð Þ to currency storage r0 2 R j0ð Þ for
the material transported from storage j0 2 J r0ð Þ to storage
j 2 J rð Þ, currency/L, parameter

PSW = the first type of periodic square wave function defined by Eq.
4, variable

PSW0 = the second type of periodic square wave function defined by
Eq. 5, variable

PSW = average level of the first type of periodic square wave func-
tion defined in Table 1 of Ref. 10, variable

PSW0 = average level of the second type of periodic square wave
function defined in Table 1 of Ref. 10, variable

PSW = upper bound of the first type of periodic square wave function
defined in Table 1 of Ref. 10, variable

PSW0 = upper bound of the second type of periodic square wave func-
tion defined in Table 1 of Ref. 10, variable

PSW = lower bound of the first type of periodic square wave function
defined in Table 1 of Ref. 10, variable

PSW0 = lower bound of the second type of periodic square wave func-
tion defined in Table 1 of Ref. 10, variable

R = currency set, parameter
tjm = startup time of product shipping, year, variable
tj
m = startup time of customer demand, year, parameter
0ti = startup time of feedstock feeding to batch production process

i, year, decision variable
0ti = upper bound of startup time of feedstock feeding to batch

production process i, year, variable
0ti = lower bound of startup time of feedstock feeding to produc-

tion process i, year, decision variable
t0 i = startup time of product discharging from production process

i, year, variable
tj
k = startup time of raw material purchasing, year, variable
0tl = startup time of loading of transportation process n, year, deci-

sion variable
0tl = upper bound of startup time of loading of transportation pro-

cess n, year, variable
0tl = lower bound of startup time of loading of transportation pro-

cess n, year, variable
t0 l = startup time of unloading of transportation process n, year,

variable
0tln = startup time of loading of parcel n in transportation process l,

year, variable
t0ln = startup time of unloading of parcel n in transportation process

l, year, variable

trr0 = startup time of currency transfer, year, decision variable
Dtin :ð Þ = the time lag of task n production process i, year, variable

Dtj
k = disbursement drifting time of account payables, year,

parameter
Dtjm = collection drifting time of account receivables, year,

parameter
Dtln = the time lag of parcel n in transportation process l, year,

parameter
vj

m 0ð Þ = initial inventory dedicated to customer m, L, variable

Vj = upper bound of material inventory holdup, L, variable
Vj = lower bound of material inventory holdup, L, variable

Vj(t) = material inventory hold-up, L, variable,
Vj(0) = initial material inventory holdup, L, parameter
Vj tð Þ = time averaged material inventory holdup L, variable

xj
k = storage operation time fraction of purchasing raw materials,

parameter
0xin = storage operation time fraction of feeding to task n in produc-

tion process i, variable
x0in = storage operation time fraction of discharging from task n in

production process i, variable
xj

m = storage operation time fraction of product shipping, parameter
0xln = storage operation time fraction of loading to parcel n in trans-

portation process l, parameter
x0ln = storage operation time fraction of unloading from parcel n in

transportation process n, parameter
yin = duration of task n in production process i divided by cycle

time
0yln = defined by Eq. 2, parameter
y0ln = defined by Eq. 2, parameter

Greek letters

ajr
m = lost sales cost of product j to customer m paid by currency r,

currency/L/year, parameter
bjr

m = backlogged inventory holding cost of product j to customer m
paid by currency r, currency/L/year, parameter

bjr = initial inventory preparation cost of product j paid by cur-
rency r, currency/L/year, parameter

nr = corporate income tax rate paid by currency r, currency/cur-
rency, parameter

vrr0 = foreign currency exchange rate from r to r0, currency/cur-
rency, parameter

vr1 = foreign currency exchange rate from r to 1, currency/cur-
rency, parameter

cjr = opportunity cost of inventory holding paid cost of material j
by currency r, currency/L/year, parameter

gr = opportunity cost of currency holding paid by currency r, cur-
rency/currency/year, parameter

hjr = � 12nrð Þhjr1cjr

2
1 12nrð Þbjr , parameter

pj0 jr
ln = customs duty rate of the material moved from storage j0 to

storage j by parcel n transportation process l, paid by cur-
rency r, currency/L, parameter

pr
i = operating cost rate of production process i, paid by currency

r, currency/L, parameter
xj

m = cycle time of product shipping, year, variable
xj

k = cycle time of raw material purchasing, year, variable
xi = cycle time of production process i, year, variable
xl = cycle time of transportation process l year, variable

xrr0 = cycle time of currency transfer from r to, year, variable
X(j) = a term in Lagrangian multiplier defined in Table 1–4,

parameter
Ni = intermediate variable defined by Eq. 32, variable
Nl = intermediate variable defined by Eq. 34, variable

Wr
in = aggregated cost for task n in production process i defined by

Eq. 18, currency/L/year, parameter
Wjr

k = aggregated cost for raw material purchase defined by Eq. 15,
currency/L/year, parameter

Wj
m = aggregated cost for raw material purchase defined by Eq. 22,

currency/L/year, parameter
Wrr0 = aggregated cost for currency transfer from currency storage r

to currency storage defined by Eq. 24, currency/currency/
year, parameter

Wjj0r
ln = aggregated cost for parcel n in transportation process n to

move from storage j to storage j0 paid by currency r, defined
by Eq. 20, currency/L/year, parameter

AIChE Journal July 2013 Vol. 59, No. 7 Published on behalf of the AIChE DOI 10.1002/aic 2469



Special functions

int[.] = truncation function to make integer
res[.] = positive residual function to be truncated
jXj = number of elements in set X

Literature Cited

1. Karimi IA, McDonald CM. Planning and scheduling of parallel
semicontinuous processes. 2. short-term scheduling. I&EC Res.
1997;36:2701–2714.

2. Lim M, Karimi IA. Resource-constrained scheduling of parallel produc-
tion lines using asynchronous slots. I&EC Res. 2003;42:6832–6842.

3. Kopanos GM, Puigjaner L, Maravelias CT. Production planning and
scheduling of parallel continuous processes with product families.
I&EC Res. 2011;50:1369–1378.

4. Hax AC, Candea D. Production and Inventory Management. New
Jersey: Prentice-Hall, Inc; 1984.

5. Pentico DW, Drake MJ. A survey of deterministic models for the
EOQ and EPQ with partial backordering. Euro J Operat Res.
2011;214:179–198.

6. Bijvank M, Vis IFA. Lost sales inventory theory: a review. Euro J
Operat Res. 2011;215:1–13.

7. Sharma S. A composite model in the context of a production-inven-
tory system. Optimiz Lett. 2009;3:239–251.

8. Drake MJ, Pentico DW, Toews C. Using the EPQ for coordinated
planning of a product with partial backordering and its components.
Math Comput Model. 2011;53:359–375.

9. Taha H, Skeith RW. The economic lot sizes in multistage production
systems. AIIE Trans. 1970;157–162.

10. Teo C, Bertsimas D. Multistage lot sizing problems via randomized
rounding. Operat Res. 2001;49(4):599–608.

11. Seliaman ME, Ahmad AR. A generalized algebraic model for opti-
mizing inventory decisions in a multi-stage complex supply chain.
Transport Res Part E. 2009;45(3):409–418.

12. Yi G, Reklaitis GV. Optimal design of multiple batch units with
feedstock/product storages. Chem Eng Comm. 2000;181:79–106.

13. Yi G, Reklaitis GV. Optimal design of batch-storage network using
periodic square model. AIChE J. 2002;48:1737–1753.

14. Yi G, Reklaitis GV. Optimal design of batch-storage network with
recycle streams. AIChE J. 2003;49:3084–3094.

15. Yi G, Reklaitis GV. Optimal design of batch-storage network
with financial transactions and cash flows. AIChE J. 2004;50:2849–
2865.

16. Yi G, Reklaitis GV. Erratum. AIChE J. 2009;55:1914–1916.
17. Yi G, Reklaitis GV. Optimal design of batch-storage network with

multitasking semi-continuous processes. AIChE J. 2006;52:269–281.
18. Yi G, Reklaitis GV. Optimal design of batch-storage network with

uncertainty and waste treatments. AIChE J. 2006;52:3473–3490.
19. Yi G. Optimal design of batch-storage network under joint uncertain-

ties. AIChE J. 2008;54:2567–2580.
20. Yi G, Reklaitis GV. Optimal design of batch-storage network

considering exchange rates and taxes. AIChE J. 2007;53:1211–1231.
21. Yi G, Reklaitis GV. Optimal design of multiperiod batch-storage

network including transportation processes. AIChE J. 2011;57:2821–
2840.

22. La�ınez JM, Kopanos G, Espu~na A, Puigjaner L. Flexible design-
planning of supply chain networks. AIChE J. 2009;55:1736–1753.

23. You F, Wassick JM, Grossmann IE. Risk management for a global
supply chain planning under uncertainty: models and algorithms.
AIChE J. 2009;55:931–946.

24. Neumaier A, Shcherbina O, Huyer W, Vinko T. A comparison of
complete global optimization solvers. Math Program Ser.
2005;103:335–356.

25. Martin A, Moller M, Moritz S. Mixed integer models for the station-
ary case of gas network optimization. Math Program Ser.
2006;105:563–582.

26. Mahlke D, Martin A, Moritz S. A mixed integer approach for time
dependent gas network optimization. Optimiz Methods Software.
2009;25:625–644.

27. Bixby R, Rothberg E. Progress in computational mixed integer pro-
gramming-A look back from the other side of the tipping point. Ann
Operat Res. 2007;149:37–41.

28. You F, Grossmann IE. Stochastic inventory management for tactical
process planning under uncertainties: MINLP models and algorithms.
AIChE J. 2011;57:1250–1277.

29. Faria DC, Bagajewicz MJ. A new approach for global optimization
of a class of MINLP problems with applications to water manage-
ment and pooling problems. AIChE J. 2012;58:2320–2335.

Manuscript received Jan. 18, 2012, and revision received Dec. 7, 2012.

2470 DOI 10.1002/aic Published on behalf of the AIChE July 2013 Vol. 59, No. 7 AIChE Journal


	l
	l
	l
	l
	l
	l
	l
	l
	l
	l

